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Error-Correcting Codes in Projective Space
Tuvi Etzion, Fellow, IEEE, and Alexander Vardy, Fellow, IEEE
Dedicated to the memory of Ralf Koetter (1963–2009)
Abstract—The projective space of order n over the finite field q ,
denoted here as Pq (n), is the set of all subspaces of the vector space
n
q . The projective space can be endowed with the distance function
d(U; V ) = dim U + dim V 0 2 dim(U \V ) which turns Pq (n) into
a metric space. With this, an (n; M; d) code in projective space
is a subset of Pq (n) of size M such that the distance between any
two codewords (subspaces) is at least d. Koetter and Kschischang
recently showed that codes in projective space are precisely what
is needed for error-correction in networks: an (n; M; d) code can
correct t packet errors and  packet erasures introduced (adversarially) anywhere in the network as long as 2t + 2 < d. This motivates our interest in such codes. In this paper, we investigate certain basic aspects of “coding theory in projective space.” First, we
present several new bounds on the size of codes in Pq (n), which
may be thought of as counterparts of the classical bounds in coding
theory due to Johnson, Delsarte, and Gilbert-Varshamov. Some of
these are stronger than all the previously known bounds, at least
for certain code parameters. We also present several specific constructions of codes and code families in Pq (n). Finally, we prove
that nontrivial perfect codes in Pq (n) do not exist.
Index Terms—Network coding, network error-correction, perfect codes, projective-space codes, subspace codes.

I. INTRODUCTION

L

ET
be the finite field of order , and let
be an arbitrary (fixed) vector space of dimension over . Since
is isomorphic to
, in what follows one can assume that
is in fact
. The projective space1 of order over , de, is the set of all the subspaces of , innoted herein by
and
itself. Given a nonnegative integer
,
cluding
the set of all subspaces of
that have dimension is known
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1Many relevant papers refer to P (n) as the projective geometry of W . The
terms “projective geometry” and “projective space” seem to be equally wellestablished in the literature. We feel that “projective space” is the more fortunate
terminology, since P (n) is the ambient space for the codes at hand.

as a Grassmannian, and usually denoted by
. It is well known that

. Thus

where
is the -ary Gaussian coefficient. It turns out that the
is given by
natural measure of distance in
(1)
. It is well known (cf. [1], [20]) that the funcfor all
and
can be retion above is a metric; thus both
garded as metric spaces. Given a metric space, one can define
is an
code in projeccodes. We say that
tive space if
and
for all
in . If an
code is contained in
for some , we say
that is an
code.
, respectively
, codes in projective
The
space are akin to the familiar codes in the Hamming space, respectively (constant-weight) codes in the Johnson space, where
the Hamming distance serves as the metric. There are, howand , the metric space
ever, important differences. For all
corresponds to a distance-regular graph, similar to the
distance-regular graph resulting from the Johnson space. On
is always disthe other hand, while the Hamming space
is not.
tance-regular (as a graph), the projective space
This implies that conventional geometric intuition does not always apply; for example, two spheres of the same radius in
may have different sizes.
Codes in
were studied, somewhat sparsely, over the
past twenty years. For example, the nonexistence of perfect
was proved in [7] and again in [24]. In [1],
codes in
it was shown that “Steiner structures” yield diameter-perfect
; properties of these structures were studied
codes in
in [26]. Related work on certain intersecting families and on
byte-correcting codes can be found in [13] and in [6], [10],
, to linear
respectively. Another application of codes in
authentication schemes, was given in [35]. It appears that codes
were not studied at all, until
in the projective space
recently [3], [11], [14], [15], [18]–[20], [23], [27]–[29].
Recently, Koetter and Kschischang [18]–[20] showed that
are precisely what is needed for error-correction
codes in
code can correct any packet errors
in networks: an
and any packet erasures introduced (adversarially) anywhere
This motivates our
in the network as long as
interest in such codes. In a sense, one would like to re-derive
as much as possible of the classical coding theory, developed
and
.
for the Hamming metric, in the context of
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Some of this work has been already carried out by Koetter
and Kschischang [20], and others [4], [14]–[17], [21], [25],
[28]. In particular, Koetter and Kschischang derived in [20]
the counterparts of the classical sphere-packing, Singleton,
and Gilbert-Varshamov bounds, and gave a construction of
Reed-Solomon-like codes. However, most of these results
and do not extend to the more
pertain to codes in
.
general case of
Our goal herein is to continue the work of [20] by studying
certain key aspects of “coding theory in projective space.”
We begin in the following section with bounds on the size of
, by deriving the counterparts of the classical
codes in
bounds due to Delsarte and Johnson. These turn out to be
always stronger than the best bound of [20]. We also prothat are akin
vide two bounds on the size of codes in
to the classical Gilbert-Varshamov and linear-programming
is not distance-regular). In
bounds (despite the fact that
Section III, we present several constructions of specific codes
and
. These are based upon
and code families in
Steiner structures [1], [23], [26], perfect byte-correcting codes
, and other ideas.
[10], computer search for cyclic codes in
A natural question is whether one can construct perfect codes in
projective space. In Section IV, we prove that nontrivial perfect
do not exist. We conclude the paper with a brief
codes in
discussion and a list of open problems in Section V.

a special case of the anticode bound which was proved by Delsarte [8] for arbitrary association schemes. An anticode
of diameter in
is any subset of
such that
for all
. Delsarte’s theorem [8, p.32]
, for any antiimplies that
. The sphere
is clearly an example
code of diameter
of such an anticode. But, in contrast to the binary Hamming
is but
space, where spheres are the largest anticodes,
. The optimal (largest) anticodes in
a small anticode in
were found by Frankl and Wilson in [13]. Combining
the results of [13] with the foregoing discussion, we immediately obtain the following bound.
Theorem 1:
(4)

Proof: It is shown in [13] that the size of the largest antiis given by
.
code of diameter in
An altogether different way to improve upon (2) is based upon
a standard covering argument.
Theorem 2:
(5)

II. BOUNDS ON THE SIZE OF CODES IN PROJECTIVE SPACE
Let
, respectively
, denote the maximum
code in
, respecnumber of codewords in an
code in
(we use calligraphic letters
tively
to distinguish these from the well-known quantities
and
defined for the Hamming metric). Note that the
is always even;
distance between any two elements of
for even
.
thus it suffices to consider
Let
. Koetter and Kschischang [20] established the following bound:

(2)

Here,
is the volume of a sphere of radius in
,
is distance-regular. Thus,
which is well-defined since
(2) is the counterpart of the well-known sphere-packing bound
in Hamming space. Koetter-Kschischang [20] also proved that
(3)

Proof: Let be an
code. Then each codeword of contains (or “covers”) exactly
subspaces of di. On the other hand, a given subspace of
of
mension
cannot be contained in two distinct codewords
dimension
of , since otherwise

Since the total number of
-dimensional subspaces of
is
, we see that
cannot exceed
.
Theorem 2 was proved in [35, Theorem 5.2] in the context of
linear authentication codes. It is clear from its proof herein that
-diif attains the bound of (5) with equality, then every
mensional subspace of
must be contained in exactly one
codeword of . Such codes are known as Steiner structures [1],
[26] and will be discussed again in the next section, where necessary conditions for their existence are given. It follows that for
which do not satisfy these conditions,
those parameters
Theorem 2 can be further improved.
The following theorem results by iteratively applying one of
the Johnson bounds, established later in this section.
Theorem 3:

which may be regarded as a counterpart of the classical Singleton bound [22, p.33]. They have further observed that (3) is
usually stronger than the sphere-packing bound (2).
Herein, we observe that the sphere is the wrong structure to
. The sphere-packing bound is
consider in the case of

(6)
Proof: Apply Theorem 4 iteratively
ping with the trivial equality

times, stop.
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Theorems 1, 2, and 3 are proved using completely different
methods. It is therefore remarkable that the corresponding
bounds coincide. Namely

(7)

as can be verified directly from the definition of Gaussian coefficients. It is noteworthy that, in contrast to (2), these bounds are
always stronger than the Singleton bound (3), as shown in [36].
It is proved in [20, p. 3588] that the Singleton bound (3) differs
from the true value of
by a factor of at most 4. This
immediately implies that all the bounds in (7) have the same
property. However, these bounds can be further improved, albeit slightly, as we shall see in what follows.
of the
The next two theorems are the counterparts in
two classical Johnson bounds for constant-weight codes.
Theorem 4:

Proof: Let
pose that

code in
, and sup. Then each codeword of contains
one-dimensional subspaces of
. Since the
, there is a
total number of such subspaces is
that is contained in at
one-dimensional subspace
least
codewords of . Assume
,
and
stands for the linear span. Write
as
where
, where
. For example, find a basis
for , and set
.
Next, define

Observe that Theorem 4 is proved in a manner similar to the
proof of the analogous Johnson bound in [22, p. 527]. In fact,
a proof along these lines was given independently by Xia and
Fu [36]. Notably, while we have two different proofs2 of the
next result, neither of them has anything in common with the
proof of the analogous Johnson bound [22, p. 528].
Theorem 5:

Proof: Let
pose

Then

be an

code in
. For each

, and sup, define

is an

code with
, for each
. It is known (see e.g., [34, p.551]) that any
is contained in precisely
given -dimensional subspace of
elements of
. Thus, each codedifferent codes
,
word of belongs to
and therefore

be an

It is easy to see that all the codewords of
are contained in
and have dimension
. Thus,
can be regarded as an
code, where
by our choice of . It remains to show that
, for this would
imply that

To this end, consider two arbitrary codewords
and
of
such that
and
, where and are the
and
). Note
corresponding codewords of (with
that
. This
implies that

where the sum is over all the
elements of
. Hence, there exists at least one
such that
. Since it is obvious
for all , the theorem follows.
that
Theorems 4 and 5 can be now iterated to obtain a bound on
for any specific values of
, and . In which
order they should be iterated to produce the best bound is not at
all clear. In fact, this problem is still open even for the conventional Johnson space—see [22, Research Problem 17.1]. However, one can, of course, simply iterate Theorem 4 with itself. In
for all
conjunction with the observation that
, this produces the following bound.
Theorem 6:

Theorem 6 was also proved by Xia and Fu [36]. Notice that if
one ignores all the floors in Theorem 6, one recovers precisely
the upper bound of Theorem 3. Hence, Theorem 6 is always at
least as strong (and usually stronger) as Theorems 1, 2, and 3.
We conclude this section with upper and lower bounds on
. The counterpart of the well-known Gilbert-Varwas proved by Koetter and
shamov bound for codes in
Kschischang [20]. Generalizing this bound to codes in
is nontrivial, since spheres of the same radius in
have
different sizes. We begin with the following lemma.
Lemma 7: Define a sphere of radius about a point
in the usual way

where the second equality follows from the fact that
contains . Hence
, from
which
follows immediately by (1).

2An

alternative proof of Theorem 5 will be given in Section III.
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Let
denote the number of subspaces of dimension in
a sphere of radius about a -dimensional subspace of . That
for all
. Then
is,
(8)

vention, for

denote its dimension distribution. Specifically,
for
. Set
by con.

Theorem 10: Let
linear constraints

, subject to the

(10)
Proof: Given in
-dimensional subspace of
the number of subspaces

, there are ways to choose an
. For a fixed , assuming
,
such that
is

Finally,
if and only if
immediately follows.

, and the lemma

Using (8), we can compute the size of the sphere of radius
about a point
. Note that this is different from the
size of the sphere computed by Koetter and Kschischang [20],
since the latter is restricted to a Grassmannian. In fact, what is
computed in [20, Theorem 6] is
(or
, if we use their notation). In what
by convention, for
.
follows, we set
Lemma 8: For all

with

, we have
(9)

Proof: Since
lows from (8) by substituting

, the lemma foland then

We are now ready to prove the counterpart of the GilbertVarshamov bound in projective space.
Theorem 9:

Proof: The main tool we use is the work of Tolhuizen [33],
which extends the Gilbert-Varshamov bound to graphs that are
not necessarily distance-regular. Specifically, [33] establishes
is the avthe following intuitive, but not obvious, result: if
, then
erage size of a sphere of radius in a graph
there exists a code in with minimum (graph) distance and
. In the case of
, we have

as the average size of a sphere of radius
in the relevant
graph. The theorem now follows immediately from (9).
Our next result employs linear programming to establish an
upper bound on
. Given a code
in
, we let

(11)
where the coefficients
in (11) are as defined in (8).
is an upper bound on
.
Then
Proof: Both (10) and (11) are constraints on the dimension
code in
. Constraint
distribution of an
(10) is obvious. To prove (11), note that spheres of radius about
the codewords of are disjoint. Thus (11) counts the number
of points of
contained in such spheres.
A bound analogous to Theorem 10 in the Hamming space
is well known. However, there are several differences. For example, Theorem 10 applies in both binary and nonbinary projective space, whereas for the Hamming space, the corresponding
have even distance for all ,
bounds differ: codes in
while in the Hamming space this is true only for
. In the
binary Hamming space, we can invoke the analogue of Theorem
10 also in the case of even distance, via the well-known relation
. However, this is not possible
in projective space, since the analogous relation does not hold.
as shown in [21], but
For example,
as we shall see in the next section.
III. CONSTRUCTIONS OF CODES
It is well known that optimal codes in the Johnson space can
be constructed from Steiner systems. We observe that a completely analogous construction can be carried out in projective
space. A Steiner structure
is a set of -dimensuch that each -dimensional subspace
sional subspaces of
is contained in exactly one element of . It can be easily
of
is an
shown that any Steiner structure
code in
with
and
. Furthermore, any such code attains the upper bound of Theorem 2.
Steiner structures were introduced and studied in [26], [31],
divides
[32], where it is proved that they exist only if
for all
. For
, this reduces to the simple conis
dition that divides and the Steiner structure
known as a spread. Such spreads were studied in many papers
[6], [10], [26], [31]. In particular, Schwartz and Etzion [26] construct a Steiner structure
, for all , whenever divides . In view of the foregoing discussion, this immediately
implies
(12)
Herein, we extend the results of [6], [10], and [26] to the case
where does not divide . Our construction is summarized in
the following theorem, which includes (12) as a special case.
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. Then, for all , we have
(13)
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. Assume to the contrary that
is
fixed and all
, and consider the corresponding
a nonzero vector in
linear combinations of the basis vectors in (16), namely

Proof: Let be the remainder obtained when is divided
. Henceforth, we will represent the
into , and define
vectors in
as follows:

(17)

(18)
Let be a primitive element of
itive element of
. Further, let

, and let

be a prim-

Since
implies that
follows:

are linearly independent over , (17)
for all . Hence, we can rewrite (18) as

But since
implies that

are also independent over , this
, and hence
, a contradiction.

(14)
are independent over
and
,
Since
we see that
. Next, define
,
by our choice of . Let
which is an integer since divides
. Then the multiplicative order of in
is
,
, as a subfield
and therefore is a primitive element of
of
. This implies that
form a basis
over , and hence are linearly independent over
for
. Now, consider the
subspaces of
that are
given by
(15)
(16)
where ranges over
over
. Since
dent over , it is easy to see that
all and . We construct the code

and, for each
ranges
are indepenfor
as follows:

Observe that

has the requisite number of codewords, since
evaluates to the right-hand side of (13) for
our choice of and . Hence, in order to complete the proof, it
remains to show that the minimum distance of is . Since
, this means we must show that for all distinct
, we have
. First, observe that for any
in , we have
nonzero vector

, the orthogonal complement of can
For a code in
. Such orthogonal
be defined as follows:
complements were first considered in [20] and [36] in the context of codes in
. Here, we extend these results to
and provide formal proofs, which were not given in [20] and [36].
Lemma 12: Let
Then

be two arbitrary elements of

.

Proof: We claim that
. Indeed,
, that is
for all
suppose that
and
for all
. Then
for all
, and therefore is orthogonal to
. In
scalars
the other direction, if is orthogonal to
then it is also
are subspaces of
.
orthogonal to and to , since
The lemma now follows from the claim along with the fact that
.
Lemma 13: If is an
code in
, then its oris also an
code.
thogonal complement
Proof: Let and be two arbitrary elements of , with
and
. Further let
be the corre. Then, by Lemma 12, we have
sponding elements of

Consequently, and
have the same distance distribution
and, in particular, the same minimum distance.
since both
linearly independent over

and
are
, for all and . It follows that

Next, observe that the vector spaces
form
. This fact is well-known, see [6], [26] for a dea spread in
for all
. For the
tailed proof. Therefore,
same reason,
for all and , whenever
. It remains to prove that
for every

Lemma 13 readily leads to an alternative proof of Theorem 5
of the previous section. Indeed, it follows from Lemma 13 that
, and by Theorem 4 we have

But
, again by Lemma 13, and Theorem 5 follows.
In the remainder of this section, we present several specific
examples of codes in
. All these codes are either optimal
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or close to optimal. First, consider the code
which
consists of the column spaces of the following 18 matrices:

search for cyclic codes in projective space. Several examples of
interesting codes found in this manner follow.
, and use this primitive
Example 1: Let be a root of
. Consider the code in
polynomial to generate
which consists of all the cyclic shifts of
Note that here, and hereafter, we omit the vector when specifying codewords of cyclic projective-space codes. It can be vercode; therefore
.
ified that is a
On the other hand, it follows from Lemma 15 along with The. Adjoining the codewords
orems 4 and 5 that
and
, along with all its cyclic shifts, to , we
obtain a
cyclic code
in
. On the other hand,
by Theorem 10.
are optimal among cyclic codes:
We note that both and
, respectively
, of disthere is no cyclic code in
tance
and size greater than 63, respectively 85.
Example 2: Let be a root of
, and
use this primitive polynomial to construct
. Consider the
which consists of all the cyclic shifts of
code

It can be verified by inspection that the minimum distance of
is 3. Thus is a
binary projective-space code. The
following theorem shows that is optimal.
Theorem 14:
.
projective-space code over
Proof: Let be a
with dimension distribution
. It follows from
Lemma 15 (proved, independently, in Section IV) that
,
. Hence,
. We will
and it is obvious that
. Assume to the contrary
prove next that, in fact,
and
that
Let

. Since the minimum distance of
is 4, we must have
for all
. Hence
. Now, let us count the number of vectors
Since the minimum distance of is 3, we have
in
for all
. Thus
.
different vectors in lie outside
It follows that
of . This is a contradiction since
.
in conjunction with Lemma 13
The fact that
. Adding these two constraints to the
implies that
.
equation system of Theorem 10, we find that

It can be verified that is an
code, and therefore
. On the other hand, in view of Lemma 15
and Theorem 4, we have
. We note that is
optimal among cyclic codes.
Example 3: Let be a root of
, and use this
. Consider the code
primitive polynomial to construct
in
which consists of all the cyclic shifts of

Let

be a primitive element of
. We say that a code
is cyclic if it has the following property: whenever
is a codeword of , so is its cyclic shift
. In other words, if we map each
into the corresponding binary characteristic
vector space
given by
vector

then the set of all such characteristic vectors is closed under
cyclic shifts. Note that the property of being cyclic does not de. Morepend on the choice of a primitive element in
over, cyclic codes have a number of useful properties. Using
these properties, we have developed computational methods to

It can be verified that is a
code, and therefore
. On the other hand,
by
Theorem 1. We note that is optimal among cyclic codes.
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IV. NONEXISTENCE OF NONTRIVIAL PERFECT CODES
The study of perfect codes is one of the most fascinating
topics of research in coding theory. Given any metric space ,
is said to be -perfect if (closed) spheres of radius
a code
centered at the codewords both pack and cover ; in other
words, every element of is contained in one and only one
such sphere. A finite metric space always admits two trivial
perfect codes: the whole space is 0-perfect, and any single eleis -perfect, where
. The binary
ment
, and the projecHamming space, the Johnson space
, but not the Grassmannians, also admit a third
tive space
is odd. In the
type of a trivial perfect code when
case of
, it consists of the null-space
and .
, and , there are no
It is well known [7], [24] that for all
. But this
nontrivial perfect codes in the Grassmannian
, just like the (conjecdoes not rule out perfect codes in
tured) nonexistence of nontrivial perfect codes in the Johnson
space does not rule out nontrivial perfect codes in the Hamming space. Our main result in this section is a self-contained
.
proof of the nonexistence of nontrivial perfect codes in
Note that since
is not distance-regular, standard methods
(based upon association schemes) do not apply, and our proof
employs completely different techniques. We will first need the
following lemma (note that related results in [9] and [10] are
weaker, and do not imply this lemma).
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. But
, which implies
is divisible by
. Since this is true for all nonzero
, the
that
set cannot contain any nonzero vectors, a contradiction.
Theorem 16: For all and , there are no nontrivial perfect
.
codes in the projective space
Proof: Let us assume to the contrary that is an -perfect
code in
. Let
, and define
for all
. We distinguish between two cases.
Case 1.
Here, we have
, and all the points
in
must be covered by the codewords of
. This
is a Steiner structure
and hence
implies that
. Each subspace of
covers
points in
. This leaves
points in
uncovered, and each of them must be covered by a codeword
. Furthermore, each codeword of
covers exactly
of
points in
. Putting all this together, we see that

Observe that
applying Theorem 4 iteratively

. Starting with this, and
times, we obtain
(22)

Lemma 15:

Proof: Divide into to write
, where the
remainder is nonzero by assumption. It is easy to verify that

and
. Moreover, the fact that
for
is a Steiner structure
implies that
divides
. This further implies that

(19)
Now assume to the contrary that there exists an
code in
with
. Further, let
denote the codewords of , and observe that
for all
. Hence, we can partition
into
disjoint sets as follows:
(20)
for all , and denotes the set of all vectors
where
in
that are not contained in any codeword of . Thus

in view of (19) and (20). Given a fixed nonzero vector
and a set
, let
denote the number of vectors in
that are not orthogonal to , that is

where the inner product is over . Note that
is either 0 or
for all , since is a vector space of
. Hence
dimension . Also note that
(21)

Also, since
divides
, it cannot divide . This
finally establishes a contradiction between (22) and Lemma 15.
Case 2.
Our proof for this case is based upon constructing a certain
partition of
, and then applying a counting argument to this
partition in order to arrive at a contradiction. For the counting
to
argument, let us introduce a function from subsets of
, let
the natural numbers, defined as follows: given a set
denote the number of vectors
in such
. Note that if is a vector space of dimension and
that
, then
. Now let
be a vector space of
the smallest dimension among all the vector spaces in . Since
, we can assume w.l.o.g. that
(otherwise, perso that is not
mute the coordinates of the ambient space
is conentirely zero on the first position). The partition of
. Since
must cover the
structed as follows. Let
null-space
, we have
. Find a vector space in
which satisfies the following conditions:
(23)
It is easy to see that such a vector space always exists. Next,
. In view of (23), we have
, and
define
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of

this implies that
as follows:

. Finally, define
of
(24)

contains
codewords
(we
Suppose that
, although
shall see later on that
this is not required for the proof). For all
, let
. The partition of
we have in mind is as follows:
(25)
Assuming that (25) is, indeed, a partition of , we easily arrive
and
, we find
at a contradiction. Since
is either 0 or
for all . Also
that
and therefore
(26)
must be divisible by
. This is a contradiction, since we
, but
for
have already shown that
all
. To complete the proof, it remains to establish (25).
Claim 1: Let be a vector of
that lies outside of . Then
such that
.
there exists a
. Then is a vector space of
Proof: Let
that must be covered by some codeword
dimension
of . This codeword is not since
, and so

Since

and
are (distinct) codewords of
which implies that
fact that covers , we obtain

, we must have
. Now, from the
(27)

Since
is when

, the only way in which (27) can be satisfied
and
(28)

But (28) implies that
also implies that
If lies outside of
must belong to
union

, and therefore
, and we are done.

. Finally,

and
, then clearly
. Hence, Claim 1 shows that the set
indeed contains all of .

Claim 2: The sets
and
are disjoint.
Proof: Given any two codewords and in , we have
. This implies that
and therefore
.
are disjoint.
Consequently, the sets
Now assume to the contrary that there exists a nonzero vector
in the intersection
for some . Then
, and
for some nonzero
and some
. But
is a
vector space which contains as a subspace. Therefore also
, and so
. But
contains the vector
this clearly contradicts the minimum distance of , since then
.

Claim 2 completes the proof that (25) is, indeed, a partition
. This, in turn, completes our proof of the theorem.
V. CONCLUSIONS AND OPEN PROBLEMS

We have considered several basic questions that arise in the
framework of “coding theory in projective space.” Many more
questions remain unanswered. In particular, our work leads to
a multitude of open problems in this area. We briefly mention
below five specific problems that are directly related to the results compiled in this paper.
• Although Theorem 10 employs linear programming to es, this theorem is not related
tablish a bound on
to Delsarte’s inequalities [8] and the resulting linear-programming bounds in the Hamming and Johnson spaces.
Unfortunately, direct extension of Delsarte’s methods to
is not possible, since
is not an association
scheme. Nevertheless, we ask whether a linear-programming bound stronger than Theorem 10 can be developed.
In particular, can Delsarte’s theory be extended to include
the projective space? Some results along these lines have
been reported by Bachoc [2]. Alternatively, can one add
nontrivial constraints to the system of inequalities in (11)?
• We wonder whether the construction presented in Theorem 11 is, in fact, optimal. The problem is to either prove
and , such that
this or find

• While the cyclic codes constructed in Section III are optimal, our constructions make use of computational
methods. They are thus limited to small values of .
Are there purely algebraic constructions of large cyclic
or in
? In particular, can useful
codes, either in
bounds on the parameters of a cyclic code in
be
determined by analyzing relevant cyclotomic cosets?
• Although no (known) nontrivial perfect codes exist in
the Johnson space and the Grassmann space, both spaces
admit diameter-perfect codes [1]. All such diameter-perfect codes are optimal for their parameters. Unfortunately,
the definition of diameter-perfect codes does not extend to
, since the size of a sphere in
the projective space
depends on its center. Can one define another type
of perfect codes in projective space, so that certain optimal
codes become “perfect” under this definition?
• In addition to perfect codes, equidistant codes are often of
special interest. In other words, we ask: what is the largest
such that
for
code in
in ? Preliminary results on this can be
all distinct
obtained from our discussion in Section III, but the general
answer seems to be related to extremal combinatorics.
Another interesting topic is the investigation of the fundamental
concepts of “linear codes” and “complements” in the context of
. These turn out to be considerably more involved than
their classical counterparts. For more on this, see [5], [11]. Finally, our work herein naturally leads to questions regarding the
projective-space analogues of covering designs and Turán systems. Our results on this topic are presented in [12].
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