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Abstract—Let (
) denote the maximum possible number
of codewords in a binary code of length and minimum Hamming
distance . For large values of , the best known upper bound, for
fixed , is the Johnson bound. We give a new upper bound which is
at least as good as the Johnson bound for all values of and , and
for each there are infinitely many values of for which the new
bound is better than the Johnson bound. For small values of and
, the best known method to obtain upper bounds on (
) is
linear programming. We give new inequalities for the linear programming and show that with these new inequalities some of the
) for
28 are improved.
known bounds on (
Index Terms— (
ming bound.

), holes, Johnson bound, linear program-

Codes which attain the sphere packing bound are called perfect codes and the only perfect codes are
codes for each

•

L

ET
and let
denote the set of all binary
,
denote the
words of length . For
is the
Hamming distance between and and
weight of , where denote the all-zeros word. For a code , we
denote the minimum Hamming distance (or minimum distance,
, i.e.,
in short) of by

An
code ,
, is a binary code of length
, minimum distance
, and
codewords. The code is
the extended code of , i.e., is obtained from by adding an
even parity bit to each codeword of . Clearly, all codewords of
have even weight and if
then
.
denote the maximum number of codewords in
Let
a binary code of length and minimum Hamming distance .
is a basic quantity in coding theory. Lower bounds on
are obtained by constructions. For survey on the known
lower bounds the reader is referred to [12]. In this paper we
. We only have to consider
consider upper bounds on
the case where the minimum distance is odd because of the
well-known result proved by using the extended code.
for odd .

The most basic upper bound on
,
, is the
sphere packing bound, also known as the Hamming bound.
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I. INTRODUCTION

Lemma 1:

Theorem 1:

;

;

Johnson [9] has improved the sphere-packing bound. In his
, which is the maxtheorem, he used the quantity
imum number of codewords in a binary code of length , constant weight , and minimum distance .
Theorem 2:

Since

we have the following.

Corollary 1:

Codes which attain the Johnson bound are called nearly perfect codes and the only nearly perfect codes are the perfect codes
and the following codes:
codes for each

•

;

punctured Preparata codes for each

•
even

.

All the results concerning perfect codes, nearly perfect codes,
given above are summarized in [5] and
and bounds on
[13]. Johnson [9] also provided an improvement of his bound,
but it works only for small values of for any given . We will
consider it later in the Appendix.
is the Plotkin bound [14] given in
Another bound on
the following theorem.
Theorem 3:
• If is even and
.
•
• If is odd and
•
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then
then

.
.
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It was proved by Levenshtein [11] that the Plotkin bound is
attained with equality for many parameters. His construction
is based on the existence of Hadamard matrices and since it is
conjectured that Hadamard matrices exist for all orders divisible
by , it is also conjectured that for all parameters there are codes
that attain the Plotkin bound with equality.
When someone is given specific, relatively small values, of
and , the best method to find upper bound on
is
the linear programming bound. We will discuss this bound in
details at a later stage. However, the computation of this bound
is not tractable for large values of . Therefore, for fixed and
is the
large values of , the best known upper bound on
Johnson bound.
The paper is organized as follows. In Section II, we prove a
. It is given by the following
new upper bound on
inequality:

In Section III, we first prove that the new bound is always at
least as good as the Johnson bound. Then we show that for each
there exist infinitely many values of for which the
new bound is better than the Johnson bound. In Section IV, we
give a set of new inequalities for the linear programming bound,
which are added to the known inequalities. Using this new set
for
of inequalities we give 13 new upper bounds on
and
. Finally, in the Appendix we discuss the
improvement of Johnson to his bound and show that our bound
has a similar improvement.
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words of weight
. Finally, two codewords
cover the same word and hence

cannot

Lemma 3:

Proof: The total number of words of weight
in
is
. Words of weight
can be covered either by codeor by codewords of weight
.A
words of weight
covers
words of weight
.
codeword of weight
covers
words of weight
A codeword of weight
. Finally, two codewords
cannot cover the same
word and hence

Lemma 4:

Proof: If
is a hole of weight
with respect to
then clearly
is a hole of weight
with respect to and
is a hole of weight
with respect to then
is a
if
with respect to . Therefore,
hole of weight
(1)
be a hole of weight
with respect to , where
and
, i.e.,
. Therefore,
. We claim that is a hole with respect to . We distinguish
between two cases.
, i.e., the weight of is
. If is not a
Case 1)
such that
hole then there exists a codeword
, and since
,
, it follows that
. Therefore,
,
, and
is not a hole with
respect to , which is a contradiction.
, i.e., the weight of is
. If is not a
Case 2)
such that
hole then there exists a codeword
, and since
it follows that
. Therefore,
,
,
is not a hole with respect to , which is a
and
contradiction.
Both cases imply that is a hole and hence
Let

II. THE NEW BOUND
Let be an
code, for which
,
be its extended
code. Without loss
and
of generality we assume that is a codeword of . We say that
is covered by a codeword
if
a word
. For a word
,
stands for the Ham.
ming distance between and , i.e.,
is called a hole if
. The number
A word
,
of holes of weight , with respect to , is denoted by
stands for the number of codewords with weight
and
in . We will write
instead of
if the code is underbe the total number of holes
stood from the context. Let
to be the
with respect to . Finally, we define
number of holes at distance from a codeword in a code ,
to be the number of codewords of at distance
from a hole , and
to be the number of holes at
distance from . Similar definitions are given for .
Lemma 2:

Proof: The total number of words of weight
in
is
. Words of weight
can be covered only by codewords
of . A codeword of weight
covers
of weight

(2)
Equations (1) and (2) imply that

Lemma 5:
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Proof: By Lemmas 2–4

Theorem 4:

Proof: By Corollary 2 we have

and hence
(5)
(3)

We also have that for each hole

with respect to

It is easily verified that

(6)
(4)

By Lemmas 6, 7, and (6) we have

and, therefore, by (3) and (4) we have
(7)
Corollary 2: If

then

and
(8)

Lemma 6: If for a hole with respect to
there exists a
such that
, then
codeword
.
. To complete the proof we
Proof: Clearly,
. Assume the contrary, i.e.,
only have to show that
such that
.
that there exists a codeword
is odd which is a contradiction
But this implies that
since all codewords of have even weight.

, where
, and
, is
since each pair
counted exactly once on each side of the equation.
We substitute (5) and (7) into (8) and use the initial assumpto obtain
tion that

Lemma 7:
which implies the claim of the theorem.
III. COMPARISON WITH THE JOHNSON BOUND
Proof: Clearly,

By Lemma 4, each hole of the form ,
,
, with
, for some
,
respect to , for which
is obtained from a hole of . To complete the proof we only
, for
have to show that if is a hole for which
, then , where stands for the binary complement
some
, for some
of , is not a hole for which
. Assume the contrary, i.e., that there exist two codewords
such that
and
.
is odd which is a contradiction
But this implies that
have even weight.
since all codewords of
Thus,

In this section, we will examine the bound given in Theorem
4 in Section II. We will first prove that the bound is at least
as good as the Johnson bound and then we will show that for
each there exist infinitely many values of for which the new
denote the
bound is better than the Johnson bound. Let
and
denote the
Johnson upper bound on
, i.e.,
new upper bound on

and

To prove the next theorem we need the following lemma
which is one of the Johnson bounds for constant-weight codes
[10].

MOUNITS et al.: IMPROVED UPPER BOUNDS ON SIZES OF CODES

Lemma 8:
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.

In the next theorem we prove that our new bound is at least
as good as the Johnson bound.
.
Theorem 5:
Proof: We use Lemma 8 and obtain the following equalities and inequalities:

Lemma 10: If
and
then

, for any given

Proof: The proof of the claim follows from the sequence
of equalities given below

and since
Finally, before our main theorem we need the following
lemma.
is always nonnegative we have that

.

In a similar way to the proof of Theorem 5 we prove the following result.

Lemma 11: If
and
then

, for any given

Lemma 9:
(9)

Proof: Let be an optimal constant-weight code of length
, weight
, and minimum distance
. Each word
covers
words of weight
within
of weight
distance . Therefore,

Proof: As in Theorem 5, we obtain the following equalities and inequalities:
is the total number of words of weight
not covered by
within distance . It is well known (see [13, Ch. 2]) that
implies that
divides
. Since,
does not divide
it follows that
.
We now intend to prove the main theorem of this section,
i.e., for any given minimum distance greater than , there exist
infinitely many lengths for which the new bound is better than
the Johnson bound. In fact, we will show for these values that
the difference between the two bounds is exponential with the
length.

Therefore,

The next lemma will be used to substitute the denominator of
(9).

and integer
let
Theorem 6: For any given
. There exist infinitely many values
.
of for which
Proof: Using Lemmas 9 and 10 we have the expression at
the top of the following page.
By Lemma 11, the numerator is a positive integer. The denominator is clearly a positive polynomial in . Therefore, the
.
expression tends to infinity as
As a simple example of the superiority of the new bound over
the Johnson bound we can compare them for small values of

884

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 4, APRIL 2002

and . In most cases, the new bound is superior. For example,
while
. Of course, the best
upper bound for such small values of and is given by the
linear programming bound discussed in the next section.
Finally, we ask which codes attain the new bound. Clearly,
all perfect codes and nearly perfect codes attain this bound as it
is at least as good as the Johnson bound. For some small values
of and , we found that the new bound is equal to the Plotkin
bound and there exist codes which attain them. We conjecture
that there are no more codes which attain the new bound.
IV. THE LINEAR PROGRAMMING BOUND
One of the most effective methods to obtain upper bounds on
for specific relatively small values of and is to apply
the linear programming bound.
code is defined
The distance distribution of an
as the sequence

Theorem 7: For every positive even integer
(10)
subject to the constraints

(11)

In some cases, the right-hand side of (11) can be slightly increased, as in the following theorem proved in [4].
Theorem 8: The distance distribution of an
satisfies
of odd size

If

, then there exists

code

such that

for
. The linear programming bound was introduced
by Delsarte [6], who showed that the distance distribution of any
code satisfies

for
, where
degree , given by

is the Krawtchouk polynomial of

By Lemma 1 it would be sufficient to consider only even values
except for
,
,
of , while assuming that
. This leads to the following theorem.

In some cases, some more constraints were added to obtain
some specific bounds [4], [15], [8].
We will prove now that we can add two sets of inequalities
to the set of constraints in the linear programming. These sets
generalize some constraints given by Best [3].
, then no two
If the minimum distance of the code is
can have common ’s and, therefore,
codewords of weight
codewords of weight
. Moreover,
there are at most
, then all the
if there is a codeword of weight greater than
or less. The next lemma is
other words have weight
a first consequence of these observations.
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Lemma 12: If a code of length and minimum Hamming
contains a codeword of weight
for
distance
, then all the other codewords have weight
some
or less. If a code of length and minimum Hamming distance
contains a codeword of weight
then
.

•
•
•
•
•

.

Averaging Lemma 12 over the codewords we get the following result.
Theorem 9: For a code of length and minimum Hamming
we have
distance
(12)

In the same way we get the following two results.
Lemma 13: If a code of length and minimum Hamming
contains a codeword of weight
for
distance
, then all the other codewords have weight
some
or less, and furthermore

APPENDIX
In the appendix, we will prove that the refinement of Johnson
to his bound is good only for small values of . This will be done
by showing that each additional term in the refinement becomes
negative as tends to infinity. This will imply that our bound is
at least as good as any refinement of the Johnson bound when
is large and better for infinitely many values of for each
. Moreover, we show refinements to our bound similar to the
refinements of Johnson.
The refinements of the Johnson bound are given by
(13)

for each
by
Theorem 10: For a code
we have for all

, where

is a lower bound on

given

of length and minimum distance

(14)

Proof: It suffices to prove that

If
for any
, then
and all the other summands are zeros, and there is nothing to
for all
. We
prove. Assume, therefore, that
is either or : if it is , then we claim that
know that
, which is clear; if it is , then the
, which is
claim becomes
correct by Lemma 13.
We have used the new constraints of Theorems 9 and 10 in addition to the constraints of Theorems 7 and 8. For upper bounds
, we used the updated table in [1]. The new upper
of
bounds which improve on the bounds in [2] are summarized in
the following theorem (the values in the parentheses are the best
bounds previously known).
Theorem 11:
•
•
•
•
•
•
•
•

(see [9]).
and
, the bound (13) coincides with the Johnson
When
bound. Thus, we have to prove that when tends to infinity the
,
, is nonpositive.
value of
It is clear that
(15)
and it is shown in [7] that
as
Hence,

as

(16)

,
, becomes negative
From (14)–(16) we have that
when tends to infinity.
Now, we will show that our bound can be also improved similarly to the improvement of the Johnson bound. Very similar to
Lemma 4 we can prove the following lemma.
Lemma 14:

Therefore, we can improve Lemma 7 to obtain
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Lemma 15:

A lower bound on

is given by

Hence, we have

(17)
Therefore, we have the following theorem which improves on
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the improvements of Johnson on his bound.
,

Theorem 12: The expression at the top of the page for each
.

Therefore, the only term in the denominator of the improvements to the Johnson bound which does not appear in the im.
provements to the new bound is
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