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ABSTRACT. The g-analogs of covering designs, Steiner systems, and Turan de-
signs are studied. It is shown that g-covering designs and ¢-Turdn designs are
dual notions. A strong necessary condition for the existence of Steiner struc-
tures (the g-analogs of Steiner systems) over Fz is given. No Steiner structures
of strength 2 or more are currently known, and our condition shows that their
existence would imply the existence of new Steiner systems of strength 3. The
exact values of the g-covering numbers Cq(n, k, 1) and Cq(n,n—1,7) are deter-
mined for all ¢, n, k,r. Furthermore, recursive upper and lower bounds on the
size of general g-covering designs and g-Turan designs are presented. Finally, it
is proved that C2(5,3,2) = 27 and C2(7, 3,2) < 399. Tables of upper and lower
bounds on Ca(n, k,r) are given for all n < 8.

1. INTRODUCTION

Let F, be the finite field with ¢ elements. Given positive integers n and k < n, let
G4 (n, k) denote the set of all k-dimensional subspaces of the vector space F,". The set
Gq(n, k) is often called the Grassmannian. In recent years, there has been increasing
interest in codes over Grassmannians. This interest stems from the groundbreaking
work of Koetter and Kschischang [11] who showed that such codes are precisely what
is needed for error-correction in networks (in the randomized noncoherent network-
coding model). We observe that codes over Grassmannians are the ¢g-analogs of con-
stant-weight codes that have been studied in coding theory for decades.

Here, we focus on design theory, which is a principal area of combinatorics with
deep connection to coding theory. Numerous objects studied in design theory have
well-known g-analogs. For example, the g-analog of Sperner’s theorem is included in
the classic textbook of van Lint and Wilson [13, p.293]. The g-analogs of various
t-designs and relationships between them have been studied in [2, 10, 14, 16, 17, 18,
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19, 20] and other papers. Connections between these topics and certain problems of
interest in coding theory were established in [1, 16].

In this paper, we consider the g-analogs of covering designs, Steiner systems, and
Turan designs. To the best of our knowledge, the g-analogs of covering designs and
Turan designs have not been previously investigated. We begin our discussion with
the following definitions:

A g-covering design 6,(n, k,r) is a subset S of G,4(n, k) such that each ele-
ment of G4(n, ) is contained in at least one subspace of S. The g-covering
number Cq(n, k,r) is the minimum size of a g-covering design €,(n, k,r).

A Steiner structure (1, k,n) is a subset S of G4(n, k) such that each ele-
ment of G,(n,r) is contained in exactly one subspace of S. A Steiner struc-
ture 4 (r, k,n), when it exists, is the smallest g-covering design €,(n, k,r).

A g-Turdn design Jy(n,k,r) is a subset S of G4(n,r) such that each ele-
ment of G,(n, k) contains at least one subspace from S. The g-Turdn num-
ber Ty(n, k,r) is the minimum size of a g-Turdn design F,(n, k,r).

The rest of the paper is organized as follows. In the next section, we show that
a given subset of G,(n, k) is a g-covering design if and only if its orthogonal com-
plement in G,(n,n—k) is a ¢-Turdn design. Thus g-covering designs and ¢-Turan
designs are dual notions. We also prove a simple but important bound on the
size of €,(n, k,r), which holds with equality if and only if €, (n, k,r) is a Steiner
structure. In Section 3, we establish a new necessary condition for the existence of
Steiner structures over F,. This condition implies that constructing Steiner struc-
tures with new parameters is likely to be difficult. In Section 4, we determine the
exact values of the g-covering numbers Cy(n, k, 1) and C4(n,n—1,r) for all ¢,n, k,
and r. In Section 5, we prove several lower bounds on ¢-covering numbers which
improve upon the bound of Section 2. In Section 6, we describe a recursive construc-
tion of g-covering designs that implies a strong upper bound on g-covering numbers.
In Section 7, we present constructions and bounds for two specific g-covering num-
bers: we show that C2(5,3,2) = 27 and C2(7,3,2) < 399. In Section8, we compile
tables of Ca(n, k,r) for all n < 8. We conclude with a list of open problems closely
related to our work in Section 9.

2. COVERING DESIGNS, TURAN DESIGNS, AND STEINER STRUCTURES

In this section, we derive simple, but fundamental, connections between the comb-
inatorial objects studied in this paper: g-covering designs, g-Turdn designs, and Stei-
ner structures. Although we will assume throughout that the ambient space is ", we
point out that our results hold for an arbitrary n-dimensional vector space over .

Two vectors u,v in ;" are said to be orthogonal if (u,v) = 0, where (-, -) stands
for the usual inner product over Fy. For a subspace V of F", its dual V1 is given by

yL def {ueIFq" : (u,v):OforallveV}.

It is easy to see that dim V+ = n — k if and only if dim V = k. Given a subset S of
G,(n, k), we define its orthogonal complement as S+ = {V+e€ G,(n,n—k) : V € S}.

Theorem 2.1. A subset S of Gy(n, k) is a g-covering design €y(n, k,r) if and on-
ly if its orthogonal complement S* is a q-Turdn design Ty(n,n—r,n—k).

Proof. Assume, first, that S is a g-covering design 6, (n, k, 7). Consider an arbitrary
subspace U in G4(n,n —r). Then dim UL = r and, hence, there exists at least one

ADVANCES IN MATHEMATICS OF COMMUNICATIONS VoOLUME 5, No. 2 (2011), 161-176



ON @-ANALOGS OF STEINER SYSTEMS AND COVERING DESIGNS 163

V € S such that U+ C V. But U+ C V if and only if V- C U. Since V+ € S* and
U was arbitrary, it follows that every subspace in G4(n,n —r) contains at least one
element of S*. Thus S* is a ¢-Turdn design Z,(n,n —r,n —k). A similar argument
shows that if S is a g-Turén design 7, (n,n —r,n — k) then S* is a g-covering design
%,(n,k,r). Again, the key point is that V- C U if and only if U+ C V. O

Corollary 2.2.
Co(n, k,r) = Tg(n,n—r,n—k).

Theorem 2.1 and Corollary 2.2 imply that g-covering designs and ¢-Turdn designs
are dual objects. The next theorem provides a simple, but fundamental, lower bound
on Cy(n, k,7), and establishes the connection between g-covering designs and Steiner
structures. Note that the g-ary Gaussian coefficient [’,ﬂq is defined as follows:

m gor (@ = D@ -1 @ -1 m =

k (¢F =) (g1 =1)---(¢g—1) 0

Theorem 2.3. Let S be a g-covering design €,(n,k,r). Then |S| > [Z]q/ [’:]q with
equality if and only if S is a Steiner structure.

Proof. Every element of S has dimension k, and therefore contains (covers) exactly
[ﬂ . distinct r-dimensional subspaces. The total number of r-dimensional subspaces
covered is [Z]q, and hence [S| > mq/mq.

If |S| achieves this bound with equality, each r-dimensional subspace is contained

in exactly one element of S, which means that S is a Steiner structure 7, (r, k,n). O

3. ON THE EXISTENCE OF STEINER STRUCTURES

It follows from Theorem 2.3 that the most interesting g-covering designs are Stei-
ner structures, which are the natural g-analogs of Steiner systems. For which pa-
rameters do Steiner structures exist? Clearly, #(r,r,n) and (1, n,n) exist for all
r and n. These are trivial structures. The only nontrivial Steiner structures known
[1, 3, 13, 16] are of the form .%,(1, k,n). These Steiner structures, also called spreads,
exist if and only if k divides n. Various constructions of spreads can be found in [3,
7, 9] and other papers. For all other parameters, no Steiner structures are known.
Based upon the results reported by Thomas [19, 20] and upon the extensive com-
puter search we have performed, it is tempting to conjecture that no such Steiner
structures exist. The present section provides further evidence for this conjecture.

Recall that a Steiner system S(t, k,n) is a collection S of k-subsets (called blocks)
of an n-set such that every t-subset of the n-set is contained in exactly one block of S.
The parameter t is said to be the strength of the system. The following connections
between Steiner structures and Steiner systems were established in [20] and [16].

Theorem 3.1. Ezistence of a Steiner structure .74(2, k,n) implies the existence of
Steiner systems S(2,¢*71,¢" ') and S(2, (¢"—1)/(g—1), (¢"—1)/(q — 1)). Further-
more, existence of .%»(3,k,n) implies the existence of S(3,2F~1, 2771).

Theorem 3.1 does not indicate that constructing new Steiner structures, especi-
ally (2, k,n), is a formidable task. By Theorem 3.1, such Steiner structures lead to
Steiner systems of strength 2, which are not that rare. The case ¢ = 2 appears to
be the easiest; indeed, numerous S(2,2*~1 27~1) and S(2,2% — 1,2" — 1) Steiner
systems are known [6]. Our main result is the following theorem, which shows that
constructing .#5(2, k, n) is likely to be much harder than what Theorem 3.1 suggests.
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Theorem 3.2. Existence of a Steiner structure S2(2,k,n) implies the existence of
a Steiner system S(3,2F,2™).

Proof. Let S be a Steiner structure % (2, k,n). Each subspace of S partitions F;* in-
to 2"~* additive translates of itself. Consider the set of all such translates, namely:

g ef {{u,u—f—vl,u—i—vg,...,u—&—vzk,l} : {0,01,...,006_1} €S, ue]FQ”}.

We claim that S’ is a Steiner system S(3,2%,2"). Observe that S’ has the right car-
dinality. That is

[I;L (2k—1)(2k—1-1) <23’“)

Hence, to complete the proof, it would suffice to show that every 3-subset {x,y,z}
of ;" is contained in some block of §'. Since S is a Steiner structure .#5(2, k, n), the
two-dimensional subspace {0,x+y,x+z,y+ z} is contained in some k-dimensional
subspace of S, call it V. By the definition of §’, we know that x +V is a block of §'.
But x + {0,x+vy,x+z,y+z} = {x,y, z,x+y+2z} and therefore {x,y,z} C x+V. O

n 2"
[2} 2n—1)(2"1 -1 ( >
|S/‘ _ 2n—k|S‘ — 2n—k 2 2n—k( )( ) _ 3 — |8(372k72n)’

At present, no S(3,2%,2") Steiner systems with 2¥ > 8 are known. Numerous ef-
forts to find such Steiner systems, spanning several decades, have been unsuccessful.
In view of this, Theorem 3.2 implies that constructing .#5(2, k, n), if such structures
at all exist, would be extraordinarily difficult.

In fact, the same conclusion can be extended to any Steiner structure over F, with
new parameters. It is shown in [16] and [20] that given a Steiner structure .7 (r, k, n),
one can always construct the derived structure .7, (r — 1,k —1,n —1). Consequent-
ly, if A (r, k,n) exists for some k > r > 2, then % (2, k —r+2,n —r + 2) also exists,
which implies by Theorem 3.2 the existence of a Steiner system S(3,2F~"+2 2n—+2),

Among the #(2,3,n) Steiner structures, those of the form #(2,3,n) have the
smallest parameters. Thus resolving their existence is a natural target for investiga-
tion. It can be easily shown that if .%5(2, 3, n) exists, we must have n = 1,3 (mod 6).
Many other necessary conditions for the existence of .#2(2, 3, n) can be obtained by
considering derived designs related to any fixed (n—1)-dimensional subspace.

4. OPTIMAL ¢-COVERING DESIGNS

In this section, we determine the exact values of the g-covering numbers C,(n, k, 1)
and Cq(n,n —1,r) for all ¢, n, k, and r. In each case, explicit constructions of the cor-
responding optimal g-covering designs are given.
Lemma 4.1.

q"—1
¢"—1

Cy(n,k,1) = whenever k divides n.

Proof. By Theorem 2.3, a Steiner structure .7;(1, k,n) is an optimal g-covering de-
sign, when it exists. Asshown in [3, 16] and other papers, such Steiner structures ex-
ist iff k divides n, and it is easy to see that |7, (1,k,n)| = (¢" — 1)/(¢* - 1). O

Lemma 4.2.
Cq(n,k,r) < Cyn—1,k—1,r).
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Proof. Let us represent F,* as F,"~! x Fy, namely F" = {(x,a) : x € F,"~!, a € F,}.
Let S be a g-covering design ¢,(n —1,k—1,r) in Fq"’l. For each V € S, we define

y &t {(v,a) : veV, aeF,}.

Then V"’ is a k-dimensional subspace of F," = F*~! x F,. Let §' be the set of all such
subspaces, that is 8’ = {V'e Gy(n,k) : V€ S}. It can be easily verified that §' is
a g-covering design €, (n, k,r), and the lemma follows. O

Corollary 4.3.
Co(n+0,k+0,7) < Cy(n,k,7)  for all nonnegative integers .

Lemma 4.4.
Co(n,k,1) = ¢" " +1  fork=[%2],[2]+1,....,n—1

Proof. We have Cy(2(n—k),n—k,1) = (¢*™ % —1)/(¢"* 1) = ¢" ¥ +1 by Lem-
mad.1. Let § = 2k —n. Then § is a nonnegative integer for k > n/2, and therefore

Co(n k1) = Co(2(n—k) +8,n—k+6,1) < Cg(2(n—Fk),n—k,1) = ¢" F+1

in view of Corollary 4.3. On the other hand, C,(n, k,1) > (¢" —1)/(¢* — 1) by The-
orem?2.3. But [(¢"—1)/(¢"—1)] =¢"F+1forall k = [n/2],[n/2] +1,...,n—1,
which completes the proof of the lemma. O

The proof of Lemma 4.4 indicates how g-covering designs that achieve the g-cov-
ering number C,(n,k,1) = ¢"~* 41 can be constructed. Start with a Steiner struc-
ture ., (2(n —k),n—k, 1). In order to construct ., (2(n —k),n—k, 1), any of the
several known constructions of spreads can be used [3, 7]. Next, apply the construc-
tion described in the proof of Lemma4.2 iteratively § = 2k —n times. This method
applies whenever k > n/2. It is interesting that for &k < n/2, a completely different
construction is required. In particular, we will make use of the following lemma.

Lemma 4.5. Let p be the remainder obtained when k is divided into n, and define
m = k+p. Then there exists a set X consisting of one m-dimensional subspace of F
and (q" — q™)/(¢" — 1) k-dimensional subspaces of F", such that

(1) Vvnv' = {0} for all V,V'e X.

An explicit construction of the set X along with a detailed proof of Lemma 4.5 can
be found in [8, SectionIII]. Let U be a one-dimensional subspace of F,*. Then (1)
implies that there is at most one subspace V of X that contains U. The total number
of one-dimensional subspaces contained in some subspace of X is given by

q”—qm[/f] N [m] " =q™ -1 -1 -1 m
q q q

-1 |1 1 -1 q-1 * g—1  q¢-1 1

This implies that every one-dimensional subspace of F;" is contained in ezactly one
subspace of X. Thus X can be regarded as a generalization of the notion of a spread
to the case where k does not divide n (if k divides n, the set X is, in fact, a spread).
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Theorem 4.6. n_q
Cq(?’l,k,l) = ’VZIC]‘-‘ fO’f’k’:172,...7'I’L.

Proof. Asin Lemmad4.5, let p be the remainder obtained when k is divided into n,
and define m =k + p. If p =0, the claim of the theorem follows immediately from
Lemma4.1. Thus it remains to consider the case where k does not divide n, and the-
refore k < m < 2k. In this case, we will modify the set X exhibited in Lemma 4.5 to
obtain a g-covering design 6, (n, k, 1), as follows. Let W denote the single m-dimen-
sional subspace of X, and let S be a g-covering design consisting of k-dimensional
subspaces of W such that every one-dimensional subspace of W is contained in at
least one element of S. Then clearly S U (X\{W}) is a g-covering design €, (n, k, 1).
Since dim W = m, this implies that

qni qm
gk —1

n m

q"—q m—k "—q
P +4q +17qk—1
where the first equality follows from Lemma 4.4 along with the fact that £k < m < 2k.
Note that the right-hand side of (2) is equal to [(¢" —1)/(¢" —1)] when p # 0. Fin-
ally, observe that Cy4(n,k,1) = [(¢"—1)/(¢"* —1)] by Theorem 2.3. O

2) Cy(n.k,1) < + Cy(m, k1) = +1

Corollary 4.7. " q
To(n,n—1,r) = ’7?1_:1-‘ forr=1,2,...,n—1.
T —

Proof. Follows from Theorem 4.6 and Corollary 2.2. O

Having determined the g-covering numbers Cq(n, k, 1) in Theorem 4.6, let us now
deal with C4(n,n —1,7). In this case, it will be more convenient to consider the dual
problem of determining the g-Turdn numbers 7,(n, k,1). We begin with a simple
upper bound on 7,(n, k,r) that holds for all ¢,n,k and 7.

Lemma 4.8.

Ty(n, k,r) < {n—k—&—r} .
q

r

Proof. Let U be any fixed subspace of " with dimU = n—k+r. Let S be the set of
all 7-dimensional subspaces of U. Clearly, |S| = ["75”] . We claim that S is a ¢-Tu-
ran design 7, (n, k,r). To see this, consider an arbitrary k-dimensional subspace V/
of F;*. Then U NV is a subspace of U of dimension

dim(UNV) =dimU+dimV —dim(U+V) > (n—k+r)+k—n =71

and as such it must contain at least one element of S. Thus S is, indeed, a ¢g-Turan
design J;(n, k,r), and the lemma follows. O

Corollary 4.9.

CAmkm)s[”k+q.
q

r

Proof. Cq(n,k,r) = Ty(n,n—r,n—k) by Corollary 2.2. Now use the upper bound on

T,(n,n—7r,n—k) in Lemma 4.8 and observe that ["_("_nrflg("_k)] = ["‘f”] o O

Theorem 4.10. n—k+1_q

_q
Te(n,k, 1) = 1

Proof. The fact that T (n, k, 1) < (¢"**1—1)/(¢—1) follows as a special case of Lem-
ma 4.8 with » = 1. Hence, it remains to prove that (¢"~**!1—1)/(¢—1) is also an up-

fork=1,2,...,n.
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per bound on 7y(n, k,1). To this end, consider an arbitrary set S of one-dimensional
subspaces of F," with [S| = (¢""***—1)/(¢—1) —1. We claim that there is a k-dim-
ensional subspace of F;" that does not contain any element of S.

Let U be the largest subspace of " such that U NV = {0} for all V€ S. Define
m = dimU. If m > k we are done, since then every k-dimensional subspace of U does
not contain any element of S. Thus let us assume to the contrary that m < k. Now
fix a Ve S and consider the vector space (V' U U) spanned by all the vectors in the set
VUU. Since dimU = m, dimV = 1, and UNV = {0}, we have dim (VU U) = m+1.
Thus (V U U) contains exactly ¢™ 1 — ¢™ vectors that are not contained in U. Hence

(3) Ywuu)

ves

< SHg™ = ¢™) + U = ¢"F T — ¢ (g - 1).

For m < k, the right-hand side of (3) is bounded by ¢ —1. Consequently, there exists
a nonzero vector x €F* such that x ¢ Uyes(VUU). Consider the vector space
W = ({x} UU). We have WNV = {0} for all V€ S and dimW = m+1, by the de-
finition of x. But this is in contradiction to the maximality of U. It follows that we

must have m > k, which establishes the claim of the foregoing paragraph. O
Corollary 4.11.
qr+1 -1
Cy(n,n—1,7r) = T forr=1,2,...,n—1.
q—

To construct g-covering designs that achieve the g-covering number C,(n,n —1,7)
in Corollary 4.11, first construct a ¢-Turdn design 7, (n,n —r, 1) as the set of all one-
dimensional subspaces of a fixed vector space U C F" of dimension r + 1 (cf. Lem-
ma4.8), then take the orthogonal complement of .7, (n,n —r,1) as in Theorem 2.1.

5. LOWER BOUNDS ON ¢-COVERING NUMBERS

‘We now present two lower bounds on g-covering numbers. In Theorem 5.1 and Co-
rollary 5.2, we establish the g-analog of a well-known bound of Schénheim [15]. In
Theorem 5.3, we state the g-analog of a bound by de Caen [5].

Theorem 5.1.

Co(n,k,r) > Bk_l Cq(nl,kl,rl)—‘ .

-1
Proof. Let S be a g-covering design %, (n, k, ) with [S| = C,(n, k, ). Each element of
S contains (¢*—1)/(g— 1) one-dimensional subspaces of [F,". Since the total number
of such subspaces is (¢" —1)/(q — 1), there is a one-dimensional subspace X C "
that is contained in at most (¢*—1)/(¢"— 1)|S| elements of [S|. Let us represent F,"
as X ® W, where W is an (n — 1)-dimensional subspace, and define

s 4f {Vm/v . Ves and Xcv}.

By construction, the set S’ consists of at most (¢*— 1)/(¢"— 1)|S| subspaces of W,
one such subspace for each V€ S that contains X. We claim that S’ is a g-covering
design 6;(n—1,k—1,r —1), and therefore

k k

q"—1 ¢ -1

| IS| = 1 Cq(n, k7).

It is clear that S’ consists of (k — 1)-dimensional subspaces of W, a vector space of di-
mension n — 1. Hence in order to prove the claim, we need to show that every (r — 1)-

(4) Con—1,k—1,r—1) <
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dimensional subspace of W is contained in at least one element of §'. Let U be such
a subspace. Then X&U is an r-dimensional subspace of F". Therefore, there exists
a VeS such that X@ U C V. But then V! =V NW is an element of §’. Moreover
UCW and X®U C V together imply that U C V'. This proves our claim that S’ is
a g-covering design €;(n— 1,k —1,r — 1) and establishes (4). The theorem then fol-
lows as an immediate consequence of (4). O

qnil qnflil q’ﬂ*TJrlil
F—1 qk—1_1"' g1 e

Proof. Follows by applying Theorem 5.1 iteratively » — 1 times, then observing that
Coln—r+1,k—r+1,1) = [(¢" "1 =1)/(¢* "1 —1)] by Theorem 4.6. O

Corollary 5.2.

Cq(n, k1)

WV

Note that if one ignores all the ceilings in Corollary 5.2, one recovers precisely the
lower bound [:f] . / m . of Theorem 2.3. Thus Corollary 5.2 is always at least as strong
(and usually much stronger) as Theorem 2.3.

Corollary 5.2 is the g-analog of the well-known Schénheim bound [15] on (ordina-
ry) covering numbers C(n, k, 7). Recall that C'(n, k,r) is defined as the smallest num-
ber of k-subsets of an n-set that cover (contain) every r-subset of the n-set. Schon-
heim’s bound [15] asserts that

n|n—1 n—r+1
kor) > | — e .
(5) Cln. k) L{; Ls—l {k—r—&—l-‘ H
Another general lower bound on covering numbers is due to de Caen [4]. This bound,
which is often better than (5) for large k and r, asserts that

S ST 8

r

Unfortunately, we could not prove the g-analog of this bound for all values of ¢, n, k
and r. However, we do have a proof for the special case where r = k — 1.

Theorem 5.3.

("—1)(q-1)[ n
Coln,lek—1) > e [HIL'

The proof of Theorem 5.3 follows closely the argument of de Caen in [5], and pro-
ceeds by establishing the equivalent result for g-Turdn numbers, namely

e

We omit the technical details of our proof of (6), since this proof is essentially
g-identical to de Caen’s proof of the analogous result for Turdn designs in [5].

(6) To(n,r+1,r) >

6. AN UPPER BOUND ON ¢-COVERING NUMBERS

So far, the only general upper bound we have for ¢g-covering numbers (resp. ¢-Tu-
ran numbers) is Corollary 4.9 (resp. Lemma4.8). Although this bound is tight for
r =1 (cf. Theorem4.10 and Corollary 4.11), it is quite weak for r > 2. In this sec-
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tion, we introduce a recursive construction of g-covering designs that leads to a new
general upper bound on Cy(n, k, 1), which improves considerably upon Corollary 4.9.
In contrast to Theorem 5.1 and Theorem 5.3, the construction described in the fol-
lowing theorem is mot a g-analog of any known construction of covering designs.

Theorem 6.1.
Cyln,k,r) < " FCy(n—1,k—1,7—1) + Cy(n—1,k,r).

Proof. Asin Lemma4.2, let us represent [F," as {(x7 a):x € Fq”_l, a € IFq}. Suppose
that S; is a g-covering design 4, (n—1,k,r) in Fq"_l, and Sq is a g-covering design
Gy(n—1,k—1,7—1)inF~'. Given a subspace V of F,*~!, we define a correspond-
ing subspace V x {0} of F," as follows: V' x{0} = {(v,0) € F," : v V}. It is clear that
dim(VX{O}) = dim V. Also note that if dim V = k — 1, there are exactly ¢"* dis-
tinct subspaces of the form (V' x{0}) @ ((x,1)), each of dimension k (since we can
choose x from any one of the ¢" % cosets of V in Fq"_l). With this, we now define the
sets S] and S as follows:

5 def {Vx{()}CIFq” : VESl},
s, E{(Vx{o}) @ (1) C By : VeES,, xeFp L

Let ' = S} USY,. By construction, the set S’ consists of [S;| 4 ¢"¥|Ss| subspaces
of F", each of dimension k. Therefore, to complete the proof, it remains to show that
for each r-dimensional subspace U of F* there is a subspace V'€ §' such that UC V.

First, suppose that U C F*~ Lx{0}. Then U is contained in at least one subspace
of S, since S} is a €, (n — 1, k‘ ,7) g-covering design in F"~!x{0}. If U is not a subset
of B/~ ! ><{0} it must contain a vector of the form (x, 1) for some x € F"~ 1. This, in
turn implies that U admits a basis of the form {(u,0), (u2,0),..., (1, O) (x, 1)}
and, hence, can be represented as (U’ x{0}) & ((x, 1)), where U’ = (ul, Uz, ... Up_1).
Since U’ is an (r—1)-dimensional subspace of F,"~! whereas S is a g-covering design
Cy(n—1,k—1,r—1)in Fq"’l, there exists a subspace V € S, that contains U’. It is
easy to see that the corresponding subspace (V' x{0}) & ((x,1)) of S, contains U. [

The construction of Theorem 6.1 can be iterated to obtain an upper bound on the
g-covering number C4(n, k, r) for any given set of parameters. For example, we have

(7) C2(5,3,2) < 22C3(4,2,1) +Co(4,3,2) = 225+ 7 = 27,
(8) C2(6,3,2) < 23C2(5,2,1) + Ca(5,3,2) < 2311 +27 = 115,
(9) C2(7,3,2) < 2%C5(6,2,1) + C2(6,3,2) < 24214115 = 451,

where we have also made use of Corollary4.11 (which implies that C2(4,3,2) =7)
and Theorem 4.6 (which implies C2(4,2,1) =5, C2(5,2,1) = 11, and C2(6,2,1) = 21).
Continuing in this manner, we arrive at the following bound:

q3 n—k—1 i 1
_ n—k—i —
Cq(n, k,2) < - {M_J -

Alternatively, consider the recursion g(n) = 4g(n —1)+2""2 -1, bootstrapped with
g(4) =C2(4,2,1) = 5. Then Theorem 6.1 implies that Ca(n,n—2,n—3) < g( ) and
solving the recursion, we obtain Ca(n,n—2,n—3) < 9.22n=8 —2n=2_(22n=8 _1)/3,
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7. COVERING NUMBERS FOR SPECIFIC PARAMETERS

This section contains two specific results: C2(5,3,2) = 27 and C2(7,3,2) < 399.
Despite the small parameters involved, the proofs seem to require considerable effort.
Such proofs appear to be worth pursuing, however, since in conjunction with Theo-
rem 5.1 and Theorem 6.1, these two specific results imply many new upper and lower
bounds on g-covering numbers for ¢ = 2 (cf. Section 8). The bound C5(7,3,2) < 399
is also important in connection with the question of existence (or nonexistence) of the
Steiner structure .7,(7, 3, 2), as discussed in Section9.

We already know from (7) that C5(5,3,2) < 27. In what follows, we present a se-
ries of lemmas that eventually lead to the conclusion that Co(5,3,2) = 27.

Let S be a g-covering design 45(5, 3,2) in I, with [S| = C2(5, 3, 2). For each non-
zero vector x € F, we define S(x) = {VeS : xeV}.

Lemma 7.1. For all nonzero x € Fy, we have [S(x)| = 5. Moreover, if |S(x)| =5
for some x, then V; N V; = {0,x} for all distinct V;,V; € S(x).

Proof. There are 30 nonzero vectors y distinct from x. Each of the 30 pairs {x, y} de-
fines the two-dimensional subspace {0, x,y, x + y}; therefore it must be contained in
some subspace V of S(x). On the other hand, each given subspace V of S(x) contains
[V\{0,x}| = 6 such pairs. It follows that |S(x)| > 30/6. Moreover, if this holds with
equality, then the 6 pairs covered by the subspaces V1, Vs, ..., V5 in S(x) must be all
different, which implies that V; N V; = {0,x}. O

Lemma 7.2. Suppose that |S(x)| > 6 for all nonzero x € Fy. Then |S| > 27.

Proof. Consider the sum »__[S(x)| > 31-6, where the summation is over x € F;\ {0}.
Each subspace V€ S is counted |[V\{0}| = 7 times in this sum, so [S| > [186/7]. O

In view of Lemma 7.2, let us henceforth consider the situation where |S(z)| = 5 for
some nonzero z € Fy. For notational convenience, let us write:

S(z) < {Uy, Uy, Us, Uy, Us)}
def

and define U; = U;\{0,z} for i = 1,2,...,5. With this, it follows from Lemma 7.1
that U; N U; = @ for all i # j, and therefore Uy U Us U Us U Uy U Us = FP\{0, z}.

Lemma 7.3. Consider a subspace V of S that does not contain z. Then |[VNU;| =3
for some i€{1,2,3,4,5} and [VNU;| =1 for all j #1i in {1,2,3,4,5}.

Proof. Since Uy,Us,Us, Uy, Us form a partition of F\{0,z} and V\{0} is a subset
of F2\{0, z}, we have Z?Zl |V N U;| = 7. Furthermore, since

dim(VNU;) = dimV +dimU; — dim(V+U;) > 3+3-5 = 1,

we must have |[VNU;| = 2 or |[VNU;| = 4 for all 4. This implies that [VNU;| =1 or
VN U;| =3 for all i€{1,2,3,4,5}, and the lemma follows. O

Next, let u(U;) denote the number of subspaces V of S that intersect U; in exact-
ly three points. That is, u(4) = [{VE€S : [VN U] = 3}|. Further, let us assume
without loss of generality that pu(Uy) < pu(ls) < p(Us) < p(ly) < u(Us).

Lemma 7.4. Suppose that p(Ur)>=5. Then [S| > 30.

Proof. By Lemma 7.3, each subspace V in S\S(z) intersects exactly one U; in three
points. Hence [S| = |S(z)| + Z?zl w(l;) =5+ 5u() > 30. O
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Lemma 7.5. Suppose that u(Uy) = 0. Then [S| > 29.

Proof. Let us write Uy = {x1,x2,...,%xs}. We know from Lemma 7.1 that [S(x;)| > 5
for all 7. Thus, for each ¢, there are at least 5 subspaces in S that contain x;. Of course,
one of these subspaces is U;. We claim that the others are all different — that is, the
sets S(x;)\{U1} are disjoint. Indeed, assume to the contrary that there exists a sub-
space V in S\{U; } that contains both x; and x;. But then |VN ;| > 2, in contradic-
tion to Lemma 7.3 and the assumption that p(l;) = 0. This establishes our claim
which, in turn, implies that [S| > [S(z)| + Z?Zl [S(x;)\{U1}| = 5+6-4 =29. O

Lemma 7.6. Suppose that u(Uy) =1. Then [S| > 27.

Proof. The proof is similar to that of Lemma 7.5, except that now there is exactly
one subspace V in S\{U; } that contains 3 elements from the set Uy = {x1,x2,...,x6}.
This subspace is counted thrice in Z?:l [S(x;)\{U1}| while all the other subspaces of
S\S(z) are counted at most once. Hence [S| > |S(z)| + Z?Zl IS(x)\{U1}| — 2 > 27.

O

In view of Lemma 7.4, Lemma 7.5, and Lemma 7.6, it remains to deal with the case
where p(U)€{2,3,4}. This case requires an elaborate analysis, during which
we will make use of the next two lemmas.

Lemma 7.7. Suppose that u(Ur) > 1 and consider a subspace V of S\{U1} such that
[VNUy| =3. Then |S(x)| = 6 for all x e (VN U).
Proof. By Lemma 7.1, if [S(x)| = 5 then any two subspaces of S that contain x inter-

sect in exactly two points, namely {0, x}. However, in the situation at hand, both V
and U contain x and |V NUp| = 4. O

Lemma 7.8. Suppose that u(Uy) > 2 and consider two subspaces V1, Va of S\{U1}
such that [ViNU | = [VaNUy| = 3. Then |S(x)| =7 for all x € (ViNVanly).

Proof. Assume the contrary that |S(x)| < 7. Then |S(x)| = 6 by Lemma 7.7, and the-
refore, in addition to V7, V5 and Uy, the vector x is contained in three other subspaces
of S, say V3, Vy, V5. By Lemma 7.3, each of the five subspaces V1, V5, V3, Vy, V5 inter-
sects exactly one of U, Us,Us, Uy, Us in three points and all the others in one point.
Since |ViNU;| = |[VaNUy| = 3, this implies that at least one of the sets Us, Us, Uy, Us
intersects each of Vq, Vo, V3, Vy, V5 in exactly one point. W.l.o.g., let U5 be this set.
Then Us contains a nonzero vector y that does not belong to any of Vi, Va, V3, Vi, V5.
Now consider the two-dimensional subspace {0, x,y, x + y}, which must be contained
in some subspace of S(x). But S(x) = {U;, V1, Va, V3, V4, V5 } and none of its elements
contains y, a contradiction. O

Lemma 7.9. Suppose that p(Uy) €{2,3,4}. Then |S| > 27.

Proof. Henceforth, in order to simplify notation, let us denote m def w(Uy). Consider
the following bipartite graph G. The left vertices of G are the elements of the set
Uy = {x1,x2,...,x6}, and the right vertices of G are the subspaces V of S such that
[V U;| = 3. Thus there are 6 left vertices and m right vertices, say Vi, Va, ..., Vi,.
There is an edge {x;,V;} in G iff x; € V. Thus the total number of edges in G is 3m.
For each x; € Uy, let deg(x;) denote the degree of x; in G. Note that if deg(x;) > 1,
then |[S(x;)| > 6 by Lemma 7.7 and if deg(x;) > 2, then |S(x;)| > 7 by Lemma 7.8. Let
vq denote the number of elements x; in U; with deg(x;) = d. The equality

(10) V14205 + - +my, = 3m

is easily obtained by counting the edges of G (note that the total number of edges
is 3m, and deg(x;) < m for all 4, since m is the number of right vertices in G).
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We now proceed as in Lemma 7.6 and consider the sum Z?Zl IS(x;)\{U1}|- Each of
the m subspaces Vi, Vs, ..., V,, that intersect U; in 3 points is counted three times in
this sum, while all other subspaces of S\S(z) are counted at most once. Hence

6

S| > IS(2)] + ) _IS(x:)\{U1}| — 2m
=1
254644+v1+2(a+v5+-Fvy) —2m,

where the second inequality follows from Lemma 7.7 and Lemma 7.8. Therefore, to
prove that |S| > 27, it suffices to show that vy +2(va+v3+---+vp) = 2m —2.
Consider minimizing the function vy + 2(vo + v5 + - - - 4+ v, ) subject to the constraint
n (10). It is easy to see that the solution to this minimization problem is given by
v +2(ve+vs+---+vy,) =06 for all m > 2 (obtained for v; =9 =+ =11 =0
and v, = 3). Since 2m — 2 < 6 for m € {2, 3,4}, the lemma follows. O

Theorem 7.10. C3(5,3,2) = 27.

Proof. As before, let S be a g-covering design %5(5,3,2) in F, with [S| = C(5, 3, 2).
The cases considered in Lemma 7.2, Lemma 7.4, Lemma 7.5, Lemma 7.6, and Lem-
ma 7.9 are exhaustive, and in each case we have proved that [S| > 27. The fact that
C2(5,3,2) < 27 follows from the construction in (7). O

Theorem 7.10 stems from an elaborate proof of a lower bound on Cy(n, k,r) for
a specific set of parameters. In contrast, the next result in this section is an explicit
construction, which gives an upper bound on Cs(n, k, ) for a specific set of param-
eters. Our construction is based upon difference sets. Specifically, let

(11) Ay ={0,1,4,16},
(12) A, ={0,2,8,32},
(13) Ag = {0,5,27,40},
(14) Ay = {0,7,44,53},
(15) As = {0, 11,29, 49}.

Lemma 7.11. Define D; e b (mod 63) : a, b€ A;, a# b} fori=1,2,...,5.
Then |Dz‘ =12 fO?” all 1 = 172, .. .75, and D1UD2UD3UD4UD5 = Zﬁg\{0721742}

Proof. Follows by direct verification. O
Theorem 7.12. C5(7,3,2) < 399.

Proof. Let a be a root of the primitive polynomial 2+ 2 + 1, and hence a primitive
element in Fgs. We represent Fy as Fy = {(3,0) : B€Fgi}U{(B,1) : BEFes}. We
furthermore introduce the following notation: given a subset X of F, and an element
7 of Fg4, we define vX = {(v3,0) : (8,0) € X} U{(v5,1) : (8,1) € X }. Notice that
if X is a subspace of By, then so is vX for all v € Fg4. With reference to (11)—(15), let
us now construct the sets X o, X0, X3,0, X4,0, X5,0 as follows:

X1,0: {0 1+a170> (1+a4 0) (1+O‘1670)7(1’1)7(O‘ ) ( )7 al )}

(
Xa0={0,(1+0%0),(1+0a%0),(1+a0),(1,1),(a* 1), (a® ),(01‘37 )}
X30=1{0,(1+0%0),(1+0a,0),(1+a",0),(1,1),(a” 1), (042771)7@4 D},
X0 = {0, (1+a 0)7(1+04 0),(1+a,0),(1,1), (", 1), (@™, 1), (@*, 1)},
X50={0,(1+0a",0),(1+0%,0), (1 +%,0),(1,1), (04”7 1), (a®,1), (@*, 1)}
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Given the sets Ay, Ay, Az, Ay, A5 in (11)—(15), it is easy to verify that a + a* + a6
—a? 4410 ="+ +a% =T+ aM +a% = al + a2 +a* = 1. This, in
turn, implies that each of the sets X7 o, X2,0, X3,0, X4,0, X5,0 is a three-dimensional
subspace of F,. Let us now construct 62 -5 = 310 additional three-dimensional sub-
spaces of ) as follows:

(16) X,; ¥ aiX;y fori=1,2,...,5 and j=1,2,...,62,

and let X denote the set of all the 5+ 310 = 315 subspaces X; ;. Next, we construct
a three-dimensional subspace Yy of |y as follows:

Yo = {0,(1,0), (*',0), («*0),(0,1), (1,1), (', 1), («™ 1)},

and define Y def a?Yy for j =1,2,...,20. Let Y be the set of all the 21 subspaces Y;.
Finally, construct a three-dimensional subspace Zy of Fy as follows:

ZO = {Oa (17 0)7 (aa 0)7 (0‘43 0)7 (O‘Ga 0)7 (alﬁv O)a (O‘24> 0)7 (a33a 0)}7

and define Z; def alZg for j =1,2,...,62. Let Z be the set of all the 63 subspaces Z;.
The resulting g-covering design %5(7,3,2) in Fy is S = X UY U Z. It is clear that
S| = 315 + 21 + 63 = 399. The fact that every two-dimensional subspace of Fy is
contained in some subspace of S can be verified using a simple computer program.

This fact can be also proved by hand; we give only a sketch of the proof here. It is
casy to see that each of the 63 subspaces of the form {0, (0,1), (a7, 1), (a?,0)} is con-
tained in exactly one subspace of ). Moreover, it follows from Lemma 7.11 that ev-
ery pair of vectors of the form {(a? 1), (a’,1)}, where a, b are distinct elements of Zgs,
is contained in exactly one subspace of X U ). Therefore, each of the (623) = 1953
subspaces of the form {O, (@, 1), (ab, 1), (a®+ a®, O)} is contained in exactly one
subspace of X UY. Note that [7] ,— 03— 1953 = 9] , and, indeed, it remains to con-
sider the [g} , = 651 two-dimensional subspaces that belong to Fy x{0}. Of these,
each of the 4-63 4 21 = 273 subspaces of the form:

{0, (a?,0), (a?*7,0), (e 25, O)} for 7 =0,1,...,62,
{0,(c”,0 a?™9,0), (@4%,0)} for j=0,1,...,62,
{0,(c”,0), (a/*1,0), (’2°,0)} for j =0,1,...,62,
{0,(c7,0), (&/113,0), (a/1%,0)} for j =0,1,...,62,
{0,(a7,0), (a7121,0), (a7 T42,0)} for j =0,1,...,20

9

) (
) (
) (
) (

belongs to at least one subspace of XUY. The r_emaining’_3178 two-dimensional sub-
spaces of Ff x {0} have the form {0, (a7, 0), (a2, 0), (o327, 0)} fori=0,1,...,5
and j =0,1,...,62, and each of them is contained in at least one subspace of Z. [J

8. TABLES OF UPPER AND LOWER BOUNDS ON Ca(n, k,T)

In this section, we compile tables of upper and lower bounds on g-covering num-
bers Cy(n, k,r), for ¢ = 2 and n < 8. The lower bounds follow from Theorem 4.6, Co-
rollary 4.11, Theorem 5.1, Corollary 5.2, Theorem 5.3, and Theorem 7.10. The upper
bounds follow from Theorem 4.6, Corollary 4.11, Theorem 6.1, and Theorem 7.12. In
the tables below, we also made use of the trivial identity Ca(n, k, k) = [Z] , Which de-
termines the entries on the main diagonals. Another trivial identity is Ca(n,n,r) = 1.
Finally, the values of Cy(n, k,r) for n < 3 are also trivial.
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Bounds on Ca(5, k, 1) Bounds on Cs(6, k,7)

Bounds on Cy(4, k,r) L
k T
; 3 S L 5 4 32 1
321
4 || 31 5| 63
31115 3 || 15155 431
7 35 o |l 7 97 155 31| 15 114—123 1395
1 3 5 15 1 3 5 11 31 2 7 21-27 99-115 651
1 3 5 9 21 63
Bounds on Cy(7, k,r)
k
G 5 4 3 2 1
6 || 127
51 63 2667
4 31 468—523 11811
3 15 87—123 839—1043 11811
2 7 21-27 7799 381—399 2667
1 3 ) 9 19 43 127
Bounds on C3(8, k, 1)
k
"o 6 5 4 3 2 1
7 || 255
6 || 127 10795
5| 63 1895—2155 97155
4 || 31 353—523 6902—8867 200787
31| 15 85—123 634—915 6477—7427 97155
2 7 21-27 75—99 323—403 1567—1775 10795
1 3 5 9 17 37 85 255

We observe that the upper and lower bounds on Cs(n, k, ) coincide for all n < 5
(this is due in large part to the proof that C2(5,3,2) = 27 in Theorem 7.10). Thus
the smallest unresolved case appears to be 21 < C2(6,4,2) < 27. The most interest-
ing unresolved case is 381 < Co(7, 3,2) < 399, as discussed in the next section.

9. CONCLUSIONS AND OPEN PROBLEMS

We have introduced and studied the g-analogs of covering designs and Turan de-
signs. We have also considered the g-analogs of Steiner systems, and derived a strong
necessary condition for their existence. We conclude this paper with several open
problems that are directly related to our results herein.

e Does a Steiner structure .#2(2,3,7) exist? Thomas studied this question in
detail in [19, 20], but did not arrive at a definitive conclusion regarding the
existence of .#2(2,3,7). Note that if .5(2,3,7) exists it must contain 381
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subspaces. Thus the g-covering design %>(7,3,2) with 399 subspaces (con-
structed in Theorem 7.12) comes tantalizingly close. The closest result from
the other direction — that is, a packing of three-dimensional subspaces of Fy
such that no two intersect in the same two-dimensional subspace — is due to
Kohnert and Kurz [12], who showed that it is possible to pack at least 304
three-dimensional subspaces of F, in this manner.

e Do any nontrivial Steiner structures . (r, k,n) with r > 2 exist? .%5(2,3,7), if
it exists, would be the smallest possible example of such a structure. However,
if it turns out that .#5(2,3,7) does not exist, this would not preclude the ex-
istence of larger nontrivial Steiner structures with r > 2.

e Another set of parameters for which one might expect to determine the g-cov-
ering numbers exactly is Co(n,n — 2,2). From the tables compiled in the previ-
ous section, we see that 21 < Ca(n,n —2,2) < 27 for n = 5,6, 7,8. This is not
a coincidence — in fact, this is true for all n > 5. By Corollary 5.2, we have

n 1 [2n1_1
Co(n,m—2,2) > 2n_2_1[2n_3_1—‘ =21

for all n > 6. By Lemma4.2, we have Ca(n,n — 2,2) < Cz(5,3,2) and from (7),
we know that Cy(5,3,2) = 27. Can the method of proof introduced in Theo-
rem 7.10 be extended to larger values of n, in order to improve upon the lower
bound Ca(n,n —2,2) > 217

e The construction method introduced in Theorem 7.12 is based on cyclic shifts
in Fg4 (if we map the nonzero elements of a vector space V C Fgy into the corre-
sponding binary characteristic vector xy = (zg, 1, ..., Zs2), then multiplica-
tion by an element of Fgy, as in (16), corresponds to a cyclic shift of xy/). In the
case of Theorem 7.12, such cyclic shifts produce a very efficient covering. We
note that certain codes (packings) based upon cyclic shifts were constructed
in [8] and [12]. However, in both cases, the methods used are ad-hoc. Is there
a general construction method for such “cyclic” packings and/or coverings?
In particular, can useful bounds on the parameters of such a packing or cov-
ering be obtained using algebraic techniques?
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